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SOME INEQUALITIES RELATED TO RICCI CURVATURES FOR
LAGRANGIAN SUBMANIFOLDS OF KA¨HLER QCH-MANIFOLDS
LIANG ZHANG∗, XUDONG LIU, DANDAN CAI
Abstract. By establishing two general quadratic inequalities, we obtain some inequal-
ities related to Ricci curvatures for Lagrangian submanifolds of Ka¨hler QCH-manifolds,
which generalize some results for Lagrangian submanifolds of complex space forms.
1. Introduction
One of the most important problems in submanifold theory is to find simple relation-
ships between intrinsic and extrinsic invariants of a submanifold. The main extrinsic
invariant is the squared mean curvature and the main intrinsic invariants include the
Ricci curvature and the scalar curvature. In 1999, B.-Y.Chen [3] proved the following
inequality on the Ricci curvature and the squared mean curvature ‖H‖2 for submanifolds
of a real space form.
Theorem 1.1 ([3],Theorem 4). Let Rm(a) be a real space form of constant sectional
curvature a, N be an n-dimensional submanifold of Rm(a). Then the following statements
are true:
(i) For each unit vector X ∈ TpN , we have
(1.1) ‖H‖2 ≥
4
n2
[Ric(X)− (n− 1)a].
(ii) If H(p) = 0, then a unit vector X ∈ TpM satisfies the equality case of (1.1) if and
only if X belongs to the relative null space N (p) given by
N (p) = {X ∈ TpN |h(X, Y ) = 0, ∀Y ∈ TpN}.
(iii) The equality case of (1.1) holds for all unit vectors X ∈ TpN if and only if either
p is a geodesic point or n = 2 and p is an umbilical point.
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Inequality (1.1)is now named as the Chen-Ricci inequality. Afterwards, many papers
studied similar Chen-Ricci inequalities for different kind of submanifolds in various am-
bient manifolds (cf.[11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 23, 24, 25, 26]). Especially,
B.-Y.Chen [4] proved (1.1) also holds for Lagrangian submanifolds of a complex space
form Mn(a) of constant holomorphic sectional curvature a. But this inequality is not
optimal in such a case. In fact it can be improved as follows.
Theorem 1.2 ([7], Theorem 3.1). Let N be a Lagrangian submanifold of real dimension
n(≥ 2) in a complex space form M(a). Then for any point p ∈ N and any unit vector
X ∈ TpN , we have
(1.2) Ric(X) ≤
n− 1
4
a+
(n− 1)n
4
‖H‖2.
The equality holds for all unit vectors in TpN if and only if either
(i) p is a totally geodesic point, or
(ii) n = 2 and p is an H-umbilical point with λ = 3µ.
Remark 1.1. By a Lagrangian H-umbilical submanifold of a Ka¨hler manifold we mean a
Lagrangian submanifold whose second fundamental form takes the following simple form:
h(e1, e1) = λJe1, h(e2, e2) = · · · = h(en, en) = µJe1,
h(e1, ej) = µJej, h(ej , ek) = 0, j 6= k, j, k = 2, · · · , n
for some suitable functions λ and µ with respect to some suitable orthonormal local
frame field. This concept was introduced by B.-Y.Chen in [2, 5] to find and investigate
the ”simplest” Lagrangian submanifolds next to the totally geodesic ones in complex space
forms.
Remark 1.2. T.Oprea [21] first proved the improved Chen-Ricci inequality (1.2) by using
an optimization technique. Afterwards, S.Deng provided another proof by establishing
some elementary algebraic inequalities. In this way, he also completely characterized
Lagrangian submanifolds satisfying the equality case.
In [22] T.Oprea introduced another intrinsic invariant related to Ricci curvature for
submanifolds as follows:
(1.3) δk := τ −
1
k − 1
min
L,dimL=k,
X∈L,‖X‖=1
RicL(X),
where τ is the scalar curvature of the submanifold, L is a linear subspace of the tangent
space of the submanifold, RicL(X) is the Ricci curvature of the submanifold of L at X .
For Lagrangian submanifolds of complex space forms, T.Oprea proved the following
inequality for δn.
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Theorem 1.3 ([22], Theorem 4.2). Let N be a Lagrangian submanifold of real dimension
n(≥ 3) of a complex space form M(a). Then
δn(M) ≤
(n− 2)(n+ 1)
8
a+
(3n− 1)(n− 2)n2
2(n− 1)(3n+ 5)
‖H‖2.
As a generalization of complex space forms, G.Ganchev and V.Mihova [9, 10] introduced
the notion of Ka¨hler manifolds of quasi-constant holomorphic sectional curvatures (briefly
Ka¨hler QCH-manifolds). This is the Ka¨hler analogue of the notion of a Riemannian
manifold of quasi-constant sectional curvatures [1, 8]. The main purpose of this paper is
to provide some inequalities related to Ricci curvatures for Lagrangian submanifolds of this
kind of ambient space, which can generalize Theorem 1.2 and Theorem 1.3. In addition,
we should point out that the method we used in this paper is different from T.Oprea’s
optimization technique, it can be viewed as a generalization of S.Deng’s algebraic method.
In fact, by using the theory of linear algebra, we can establish two general quadratic
inequalities (see Theorem 3.1 and Theorem 3.2), which can cover many special inequalities
for the use of the proofs of Chen-Ricci inequalities and the inequalities related to the
T.Oprea’s invariant. And we think these general quadratic inequalities can also provide
many other special inequalities which can be used to obtain other kinds of geometric
inequalities for submanifolds. For instance, we will use them to study inequalities related
to Casorati curvatures for submanifolds in another paper.
2. Preliminaries
In this section, we recall some basic elements of the theory of Ka¨hler manifolds of
quasi-constant holomorphic sectional curvatures and some basic formulas in the geometry
of submanifolds.
Let (M, g, J,D) be a 2n-dimensional Ka¨hler manifold with metric g, complex structure
J and J-invariant distribution D of codimension 2. The Lie algebra of all C∞ vector fields
on M will be denoted by χ(M) and TpM will stand for the tangent space at any point
p ∈M . Assume that ξ is a local unit vector field around p such thatD⊥(p) = span{ξ, Jξ},
where D⊥(p) is the 2-dimensional J-invariant orthogonal complement to D(p). Denote
by η and η˜ the unit 1-forms corresponding to ξ and Jξ, respectively, i.e.,
(2.1) η(X¯) = g(ξ, X¯), η˜(X¯) = g(Jξ, X¯) = −η(JX¯), X¯ ∈ χ(M).
Let ∇¯ be the Levi-Civita connection of the metric g. The Riemannian curvature tensor
R¯ of type (1,3), resp. (1,4), is given by
R¯(X¯, Y¯ )Z¯ = ∇¯X¯∇¯Y¯ Z¯ − ∇¯Y¯ ∇¯X¯Z¯ − ∇¯[X¯,Y¯ ]Z¯,
R¯(X¯, Y¯ , Z¯, U¯) = g(R¯(X¯, Y¯ )Z¯, U¯),
for X¯, Y¯ , Z¯, U¯ ∈ χ(M).
There are three important invariant Ka¨hler tensors on M defined as follows [8]:
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4pi(X¯, Y¯ , Z¯, U¯)(2.2)
=g(Y¯ , Z¯)g(X¯, U¯)− g(X¯, Z¯)g(Y¯ , U¯) + g(JY¯ , Z¯)g(JX¯, U¯)− g(JX¯, Z¯)g(JY¯ , U¯)
−2g(JX¯, Y¯ )g(JZ¯, U¯),
8Φ(X¯, Y¯ , Z¯, U¯)(2.3)
=g(Y¯ , Z¯){η(X¯)η(U¯) + η˜(X¯)η˜(U¯)} − g(X¯, Z¯){η(Y¯ )η(U¯) + η˜(Y¯ )η˜(U¯)}
+g(X¯, U¯){η(Y¯ )η(Z¯) + η˜(Y¯ )η˜(Z¯)} − g(Y¯ , U¯){η(X¯)η(Z¯) + η˜(X¯)η˜(Z¯)}
+g(JY¯ , Z¯){η(X¯)η˜(U¯)− η(U¯)η˜(X¯)} − g(JX¯, Z¯){η(Y¯ )η˜(U¯)− η(U¯)η˜(Y¯ )}
+g(JX¯, U¯){η(Y¯ )η˜(Z¯)− η(Z¯)η˜(Y¯ )} − g(JY¯ , U¯){η(X¯)η˜(Z¯)− η(Z¯)η˜(X¯)}
−2g(JX¯, Y¯ ){η(Z¯)η˜(U¯)− η(U¯)η˜(Z¯)} − 2g(JZ¯, U¯){η(X¯)η˜(Y¯ )− η(Y¯ )η˜(X¯)},
Ψ(X¯, Y¯ , Z¯, U¯)(2.4)
=η(Y¯ )η(Z¯)η˜(X¯)η˜(U¯)− η(X¯)η(Z¯)η˜(Y¯ )η˜(U¯) + η(X¯)η(U¯)η˜(Y¯ )η˜(Z¯)
−η(Y¯ )η(U¯)η˜(X¯)η˜(Z¯),
where X¯, Y¯ , Z¯, U¯ ∈ χ(M).
Definition 2.1. ([8]) Let (M, g, J,D) be a Ka¨hler manifold with dimM = 2n ≥ 4
and J-invariant distribution D of codimension 2. The manifold is said to be of quasi-
constant holomorphic sectional curvatures (a Ka¨hler QCH-manifold) if for any holomor-
phic section span{X, JX} generated by the unit tangent vector X ∈ TpM, p ∈ M with
ϕ = ∠(span{X, JX}, span{ξ, Jξ}) the Riemannian sectional curvature
R(X, JX, JX,X) may only depend on the point p ∈M and the angle ϕ, i.e.
R¯(X, JX, JX,X) = f(p, ϕ), p ∈M,ϕ ∈ [0,
pi
2
].
Remark 2.1. This notion corresponds to the notion of a Riemannian manifold of quasi-
constant sectional curvature [1, 9].
In [8], G.Ganchev and V.Mihova found a curvature identity characterizing Ka¨hler QCH-
manifolds.
Proposition 2.2. Let (M, g, J,D)(dimM = 2n ≥ 4) be a Ka¨hler manifold with J invari-
ant distribution D of codimension 2. Then (M, g, J,D) is of quasi-constant holomorphic
sectional curvatures if and only if
(2.5) R¯ = api + bΦ + cΨ,
where a, b and c are functions on M and the tensors pi,Φ and Ψ are given by (2.2), (2.3)
and (2.4), respectively.
Some Inequalities Related to Ricci Curvatures for Lagrangian Submanifolds of Ka¨hler QCH-manifolds 5
Now suppose N is a Lagrangian submanifold of M . This means the complex structure
J carries each tangent space of N into its corresponding normal space. Denote by R the
Riemannian curvature tensor of N associated to the induced Levi-Civita connection, h
the second fundamental form. Then the Gauss equation is
(2.6) R(X, Y, Z, U) = R¯(X, Y, Z, U) + g(h(X,U), h(Y, Z))− g(h(X,Z), h(Y, U)),
where X, Y, Z, U ∈ χ(N).
At a point p ∈ N , we can choose an orthonormal basis
(2.7) {e1, · · · , en, Je1, · · · , Jen}
of TpM such that {e1, · · · , en} is a basis of TpN . The mean curvature vector H(p) is
H(p) =
1
n
n∑
i=1
h(ei, ei),
thus
n2‖H(p)‖2 =
n∑
i,j=1
g(h(ei, ei), h(ej , ej)).
The submanifold N of M is called totally geodesic if h = 0, and it is called minimal if
H = 0. Write hrij = g(h(ei, ej), Jer). Noting that N is Lagrangian, it follows that [6]
(2.8) hrij = h
i
rj = h
r
ji, i, j, r = 1, · · · , n.
The Gauss equation (2.6) can be written in the form of components as follows
(2.9) R(ei, ej, ek, el) = R¯(ei, ej , ek, el) +
n∑
r=1
(hrilh
r
jk − h
r
ikh
r
jl).
The scalar curvature τ(p) of N at the point p is defined by
(2.10) τ(p) =
∑
1≤i<j≤n
K(ei ∧ ej),
where K(ei ∧ ej) = R(ei, ej , ej, ei) is the sectional curvature of N of the plane section
spanned by ei and ej . From (2.9) we have
(2.11) τ(p) =
∑
1≤i<j≤n
R¯(ei, ej, ej , ei) +
n∑
r=1
∑
1≤i<j≤n
[hriih
r
jj − (h
r
ij)
2].
For any unit vector X in TpN , we may choose the orthonormal basis (2.7) such that
e1 = X . Then the Ricci curvature of N at X is defined by
Ric(X) =
n∑
i=2
K(e1 ∧ ei).
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From (2.9) we have
(2.12) Ric(X) =
n∑
i=2
R¯(e1, ei, ei, e1) +
n∑
r=1
n∑
i=2
[hr11h
r
ii − (h
r
1i)
2].
3. Two general quadratic inequalities
In this section we will prove two general quadratic inequalities. These inequalities can
cover many special quadratic inequalities (see, for example, [7, 22]) which are the key to
prove the Chen-Ricci inequality and the inequality of T.Oprea’s invariant. To prove the
first one we need the following simple algebraic lemma.
Lemma 3.1. If real numbers a, b, c satisfy
a+ b+ c ≥ 0, ab+ ac+ bc ≥ 0, abc ≥ 0,
then a, b, c are all non-negative.
Proof. Otherwise, there exists at least one negative among a, b, c. Without loss of gener-
ality, we may assume c < 0. From abc ≥ 0 we know that ab ≤ 0, thus there exists one
non-posibive between a and b. Assume that b ≤ 0. From ab + ac + bc ≥ 0, we know
that bc ≥ −a(b + c). From a + b + c ≥ 0, we know that a ≥ −(b + c) > 0. Therefore,
bc ≥ (b + c)2, which is equivalent to (b + c
2
)2 + 3
4
c2 ≤ 0. It follows that c = 0 which is a
contradiction with c < 0. Hence a ≥ 0, b ≥ 0, c ≥ 0. 
Theorem 3.1. Let µ, α1, α2, β, a be real numbers, α1 6= α2, k1 and k2 two non-negative
integers, k1 + k2 = n − 1, n ≥ 3. Assume that f(x1, · · · , xn) is a quadratic form defined
by
f(x1, · · · , xn) = µx
2
1 + α1
k1+1∑
i=2
x2i + α2
n∑
i=k1+2
x2i + 2a
n∑
i=2
x1xi + 2β
∑
2≤i<j≤n
xixj .
If µ, α1, α2, β, a, k1, k2 satisfy the following conditions:
α1 ≥ β, α2 ≥ β;(A1)
α1 + α2 + (n− 3)β + µ ≥ 0;(A2)
(µ+ α1 − β)[α2 + (k2 − 1)β] + (α1 − β)µ+ k1β(α2 − β + µ)− (n− 1)a
2 ≥ 0;(A3)
(α1 − β)[α2 + (k2 − 1)β]µ+ k1(α2 − β)βµ− a
2[k1(α2 − β) + k2(α1 − β)] ≥ 0;(A4)
µ+ k1α1 + k2α2 > 0;(A5)
(α1 − β)(α2 − β){(α1 − β)[α2 + (k2 − 1)β]µ+ k1(α2 − β)βµ(A6)
− a2[k1(α2 − β) + k2(α1 − β)]} = 0,
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then f is positive semidefinite, i.e., f(x1, · · · , xn) ≥ 0. The equality case can be divided
into the following cases:
(B1) If α1 > β, α2 > β, then f(x1, ..., xn) = 0 if and only if
x2 = ... = xk1+1, xk1+2 = ... = xn =
α1 − β
α2 − β
x2, µx1 = −a
n∑
i=2
xi;
(B2) If α1 > β, α2 = β, µβ = a
2, then f(x1, ..., xn) = 0 if and only if
x2 = ... = xk1+1 = 0, µx1 = −a
n∑
i=k1+2
xi, ax1 = −β
n∑
i=k1+2
xi;
(B3) If α1 > β, α2 = β, µβ 6= a
2, then f(x1, ..., xn) = 0 if and only if
x1 = x2 = ... = xk1+1 = 0,
n∑
i=k1+2
xi = 0;
(B4) If α1 = β, α2 > β, µβ = a
2, then f(x1, ..., xn) = 0 if and only if
xk1+2 = ... = xn = 0, µx1 = −a
k1+1∑
i=2
xi, ax1 = −β
k1+1∑
i=2
xi;
(B5) If α1 = β, α2 > β, µβ 6= a2, then f(x1, ..., xn) = 0 if and only if
x1 = 0, xk1+2 = ... = xn = 0,
k1+1∑
i=2
xi = 0.
Proof. The matrix of the quadratic form f is
C =


µ a · · · a a · · · a
a α1 · · · β β · · · β
...
...
. . .
...
... · · ·
...
a β · · · α1 β · · · β
a β · · · β α2 · · · β
...
... · · ·
...
...
. . .
...
a β · · · β β · · · α2


.
By a direct calculation, the characteristic polynomial of f is
det(λIn − C) = (λ− α1 + β)
k1−1(λ− α2 + β)
k2−1(λ3 −D1λ
2 +D2λ−D3),
where In denotes the identity matrix, and
D1 =α1 + α2 + µ+ (n− 3)β,
D2 =(µ+ α1 − β)[α2 + (k2 − 1)β] + (α1 − β)µ+ k1β(α2 − β + µ)− (n− 1)a
2,
D3 =(α1 − β)[α2 + (k2 − 1)β]µ− k1(α2 − β)βµ+ a
2[k1(α2 − β) + k2(α1 − β)].
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Denote by λ1, · · · , λn the eigenvalues of f , then
λ1 = · · · = λk1−1 = α1 − β, λk1 = · · · = λn−3 = α2 − β,
λn−2, λn−1, λn are the roots of the equation
λ3 −D1λ
2 +D2λ−D3 = 0.
It is clear that the condition (A1) guarantees that λ1, · · · , λn−3 are non-negative. Accord-
ing to Lemma(3.1) and the relationship between the roots and the coefficients of cubic
equations, we see that condition (A2),(A3) and (A4) guarantee that λn−2, λn−1, λn are
non-negative. Noting that
n∑
i=1
λi = trace C = µ+ k1α1 + k2α2,
thus condition (A5) implies that there exists at least one positive among λ1, · · · , λn.
Similarly, from
λ1 · · ·λn = detC = (α1 − β)
k1−1(α2 − β)
k2−1D3,
and condition (A6), we see that there exists at least one 0 among λ1, · · · , λn. Therefore,
f is positive semidefinite, i.e., f(x1, · · · , xn) ≥ 0.
For the equality case, noting that f(x1, · · · , xn) = 0 if and only if (x1, · · · , xn) is the
eigenvector corresponding to the zero eigenvalue, so we should find the solutions to the
homogeneous equation CX = 0, which is equivalent to
(3.1)


µx1 + a
n∑
i=2
xi = 0,
ax1 + β
n∑
i=2
xi + (α1 − β)x2 = 0,
· · · · · · · · ·
ax1 + β
n∑
i=2
xi + (α1 − β)xk1+1 = 0,
ax1 + β
n∑
i=2
xi + (α2 − β)xk1+2 = 0,
· · · · · · · · ·
ax1 + β
n∑
i=2
xi + (α2 − β)xn = 0,
If α1 > β, α2 > β, then the solutions to (3.1) is
x2 = ... = xk1+1, xk1+2 = ... = xn =
α1 − β
α2 − β
x2, µx1 = −a
n∑
i=2
xi.
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If α1 > β, α2 = β, then the solutions to (3.1) satisfy
x2 = · · · = xk1+1 = 0.
Thus (3.1) becomes 

µx1 + a
n∑
i=k1+2
xi = 0,
ax1 + β
n∑
i=k1+2
xi = 0.
If µβ 6= a2, then x1 = 0,
n∑
i=k1+2
xi = 0; If µβ = a
2, then µx1 = −a
n∑
i=k1+2
xi, ax1 =
−β
n∑
i=k1+2
xi. This proves (B2) and (B3). Similarly, one can prove (B4) and (B5) in the
same way.

Similarly, we can obtain the second general quadratic inequality as follows.
Theorem 3.2. Let µ, α, β, a be real numbers, n ≥ 2 a positive integer. Assume that
f(x1, · · · , xn) is a quadratic form defined by
f(x1, · · · , xn) = µx
2
1 + α
n∑
i=2
x2i + 2a
n∑
i=2
x1xi + 2β
∑
2≤i<j≤n
xixj .
If µ, α, β, a satisfy the following conditions:
α ≥ β;(A1)
µ+ α + (n− 2)β ≥ 0;(A2)
µα + (n− 2)µβ − (n− 1)a2 ≥ 0;(A3)
µ+ (n− 1)α > 0;(A4)
(α− β)[µα+ (n− 2)µβ − (n− 1)a2] = 0,(A5)
then f is positive semidefinite, i.e., f(x1, · · · , xn) ≥ 0. The equality case can be divided
into the following cases:
(B1) If α > β, then f(x1, ..., xn) = 0 if and only if
x2 = ... = xn, µx1 = −(n− 1)ax2;
(B2) If α = β, µα 6= a2, then f(x1, ..., xn) = 0 if and only if
x1 = 0,
n∑
i=2
xi = 0;
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(B3) If α = β, µα = a2, then f(x1, ..., xn) = 0 if and only if
µx1 = −a
n∑
i=2
xi.
Remark 3.1. The proof of Theorem 3.2 is the same as Theorem 3.1, one should only note
that the characteristic polynomial of f in Theorem 3.2 is
(λ− α + β)n−2{λ2 − [µ+ α+ (n− 2)β]λ+ µα+ (n− 2)µβ − (n− 1)a2}.
So we omit the proof here.
Example 3.1 (Cauchy-Schwartz). Let x1, · · · , xn ∈ R, n ≥ 2, then
(3.2)
n∑
i=1
x2i ≥
1
n
(
n∑
i=1
xi)
2.
The equality holds if and only if
x1 = · · · = xn.
Proof. By setting
µ = α = 1−
1
n
, β = a = −
1
n
in Theorem 3.2, one can verify that they satisfy the conditions (A1)-(A5). Thus
(1−
1
n
)
n∑
i=1
x2i −
2
n
∑
1≤i<j≤n
xixj ≥ 0,
which is equivalent to (3.2). The above µ, α, β, a also satisfy the condition of the case
(B1) in Theorem 3.2. Hence the equality holds if and only if x1 = · · · = xn. 
Example 3.2 ([7], Lemma 2.2). Let x1, · · · , xn ∈ R, n ≥ 2, then
(3.3)
n∑
i=2
x1xi −
n∑
i=2
x2i ≤
n− 1
4n
(
n∑
i=1
xi)
2.
The equality holds if and only if
x2 = · · · = xn =
1
n+ 1
x1.
Proof. By setting
µ =
n− 1
4n
, α =
5n− 1
4n
, β =
n− 1
4n
, a = −
n + 1
4n
in Theorem 3.2, one can verify that they satisfy the conditions (A1)-(A5). Thus
n− 1
4n
x21 +
5n− 1
4n
n∑
i=2
x2i −
n + 1
2n
n∑
i=2
x1xi +
n− 1
2n
∑
2≤i<j≤n
xixj ≥ 0,
which is equivalent to (3.3). The above µ, α, β, a also satisfy the condition of the case
(B1) in Theorem 3.2. Hence the equality holds if and only if x2 = · · · = xn =
1
n+1
x1. 
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Example 3.3 ([7], Lemma 3.3). Let x1, · · · , xn ∈ R, n ≥ 2, then
(3.4)
n∑
i=2
x1xi − x
2
1 ≤
1
8
(
n∑
i=1
xi)
2.
The equality holds if and only if
x2 + · · ·+ xn = 3x1.
Proof. By setting
µ =
9
8
, α = β =
1
8
, a = −
3
8
in Theorem 3.2, one can verify that they satisfy the conditions (A1)-(A5). Thus
9
8
x21 +
1
8
n∑
i=2
x2i −
3
4
n∑
i=2
x1xi +
1
4
∑
2≤i<j≤n
xixj ≥ 0,
which is equivalent to (3.4) The above µ, α, β, a also satisfy the condition of the case
(B3) in Theorem 3.2. Hence the equality holds if and only if x2 + · · ·+ xn = 3x1. 
Example 3.4 ([22], (4.14)). Let x1, · · · , xn ∈ R, n ≥ 3, then
(3.5) − (n−2)
n∑
i=2
x2i +(n−2)
n∑
i=2
x1xi+(n−1)
∑
2≤i<j≤n
xixj ≤
(n− 2)(n− 1)
2(n+ 1)
(
n∑
i=1
xi)
2.
The equality holds if and only if
x2 = · · · = xn =
1
2
x1.
Proof. By setting
µ =
(n− 2)(n− 1)
2(n+ 1)
, α =
(3n+ 1)(n− 2)
2(n+ 1)
, β = −
3(n− 1)
2(n+ 1)
, a = −
n− 2
n + 1
in Theorem 3.2, one can verify that they satisfy the conditions (A1)-(A5). Thus
(n− 2)(n− 1)
2(n+ 1)
x21+
(3n+ 1)(n− 2)
2(n+ 1)
n∑
i=2
x2i −
2(n− 2)
n + 1
n∑
i=2
x1xi−
3(n− 1)
n+ 1
∑
2≤i<j≤n
xixj ≥ 0,
which is equivalent to (3.5). The above µ, α, β, a also satisfy the condition of the case
(B1) in Theorem 3.2. Hence the equality holds if and only if x2 = · · · = xn =
1
2
x1. 
Example 3.5 ([22], (4.27)). Let y1, · · · , yn ∈ R, n ≥ 3, then for any positive integer
r ∈ [2, n], we have
−(n−2)y21−(n−1)
∑
1≤i≤n
i(6=1,r)
y2i+(n−2)
n∑
i=2
y1yi+(n−1)
∑
2≤i<j≤n
yiyj ≤
(3n− 1)(n− 2)
2(3n+ 5)
(
n∑
i=1
yi)
2.
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The equality holds if and only if
y2 = · · · = yr−1 = yr+1 = · · · = yn =
3
2
y1, yr =
9
2
y1..
Proof. By setting
µ =
9(n− 2)(n+ 1)
2(3n+ 5)
, α1 =
(3n− 1)(n− 2)
2(3n+ 5)
, α2 =
9n2 − 3n− 8
2(3n+ 5)
,
β = −
9n− 7
2(3n + 5)
, a = −
3(n− 2)
3n+ 5
, k1 = 1, k2 = n− 2,
in Theorem 3.1, one can verify that they satisfy the conditions (A1)-(A6). Thus
9(n− 2)(n+ 1)
2(3n+ 5)
x21 +
(3n− 1)(n− 2)
2(3n+ 5)
x22 +
9n2 − 3n− 8
2(3n+ 5)
n∑
i=3
x2i
−
6(n− 2)
3n + 5
n∑
i=2
x1xi −
9n− 7
3n+ 5
∑
2≤i<j≤n
xixj
≥ 0,
which is equivalent to
− (n− 2)x21 − (n− 1)
n∑
i=3
x2i + (n− 2)
n∑
i=2
x1xi + (n− 1)
∑
2≤i<j≤n
xixj(3.6)
≤
(3n− 1)(n− 2)
2(3n+ 5)
(
n∑
i=1
xi)
2.
The above µ, α1, α2, β, a also satisfy the condition of the case (B1) in Theorem 3.1. Hence
the equality holds if and only if
x3 = · · · = xn =
3
2
x1, x2 =
9
2
x1.
For fixed positive integer r ∈ {2, . . . , n}, if we set
y2 = xr, yr = x2, yi = xi i 6= 2, r,
then the conclusion is immediately followed. 
4. Chen-Ricci inequality
In this section, we prove the Chen-Ricci inequality for Lagrangian submanifolds of
Ka¨hler QCH-manifolds.
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Theorem 4.1. Let N be a Lagrangian submanifold of real dimension n(≥ 2) of a Ka¨hler
QCH-manifolds M . Then for any point p ∈ N and any unit vector X ∈ TpN , we have
Ric(X) ≤
n− 1
4
a+
1
8
{(n− 2)[η(X)2 + η˜(X)2] + 1}b
+ ‖η(X)η˜⊤ − η˜(X)η⊤‖2c+
(n− 1)n
4
‖H‖2,
where η⊤ and η˜⊤ are the tangential components of η and η˜, respectively. The equality case
holds for all unit vectors in TpN if and only if either
(i) p is a totally geodesic point or
(ii) n = 2 and p is a H-umbilical point with λ = 3µ.
Remark 4.1. For b = 0, c = 0, Theorem 4.1 is due to Theorem 1.2.
Proof. Let X be a unit vector in TpN . We choose an orthonormal basis {e1, · · · , en} in
TpN such that e1 = X . First we calculate the Ricci curvature of N according to (2.12).
It follows from (2.5) that
n∑
i=2
R¯(e1, ei, ei, e1) = a
n∑
i=2
pi(e1, ei, ei, e1) + b
n∑
i=2
Φ(e1, ei, ei, e1)(4.1)
+ c
n∑
i=2
Ψ(e1, ei, ei, e1).
According to (2.2), (2.3), (2.4), and noting that g(ei, ej) = δij , g(ei, Jej) = 0 for i, j =
1, · · · , n, by direct calculations, we have
(4.2)
n∑
i=2
pi(e1, ei, ei, e1) =
n− 1
4
,
8
n∑
i=2
Φ(e1, ei, ei, e1) = (n− 1)[η(e1)
2 + η˜(e1)
2] +
n∑
i=2
[η(ei)
2 + η˜(ei)
2](4.3)
= (n− 2)[η(e1)
2 + η˜(e1)
2] +
n∑
i=1
[η(ei)
2 + η(Jei)
2]
= (n− 2)[η(X)2 + η˜(X)2] + 1,
n∑
i=2
Ψ(e1, ei, ei, e1)(4.4)
=η(e1)
2
n∑
i=2
η˜(ei)
2 + η˜(e1)
2
n∑
i=2
η(ei)
2 − 2η(e1)η˜(e1)
n∑
i=2
η(ei)η˜(ei)
=η(X)2‖η˜⊤‖2 + η˜(X)2‖η⊤‖2 − 2η(X)η˜(X)g(η⊤, η˜⊤)
=‖η(X)η˜⊤ − η˜(X)η⊤‖2.
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By substituting (4.2), (4.3) and (4.4) into (4.1), we get
n∑
i=2
R¯(e1, ei, ei, e1) =
n− 1
4
a+
1
8
{(n− 2)[η(X)2 + η˜(X)2] + 1}b(4.5)
+ ‖η(X)η˜⊤ − η˜(X)η⊤‖2c.
On the other hand, by using (2.8) we have
n∑
r=1
n∑
i=2
[hr11h
r
ii − (h
r
1i)
2] =
n∑
r=1
n∑
i=2
hr11h
r
ii −
n∑
i=2
(hi11)
2 −
n∑
r,i=2
(h1ri)
2(4.6)
≤
n∑
r=1
n∑
i=2
hr11h
r
ii −
n∑
r=2
(hr11)
2 −
n∑
i=2
(h1ii)
2
:= f1(h
1
11, · · · , h
1
nn) +
n∑
r=2
fr(h
r
11, · · · , h
r
nn),
where f1, fr : R
n → R, r = 2, · · · , n are quadratic forms defined respectively by
f1(h
1
11, · · · , h
1
nn) = h
1
11
n∑
i=2
h1ii −
n∑
i=2
(h1ii)
2,
fr(h
r
11, · · · , h
r
nn) = h
r
11
n∑
i=2
hrii − (h
r
11)
2.
From Example 3.2, we know that
(4.7) f1(h
1
11, · · · , h
1
nn) ≤
n− 1
4n
(
n∑
i=1
h1ii)
2,
with the equality holding if and only if
(4.8)
1
n+ 1
h111 = h
1
22 = · · · = h
1
nn.
From Example 3.3, we know that
(4.9) fr(h
r
11, · · · , h
r
nn) ≤
1
8
(
n∑
i=1
hrii)
2, r = 2, · · · , n
with the equality holding if and only if
(4.10) 3hr11 = h
r
22 + · · ·+ h
r
nn.
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From (2.12), (4.5), (4.6), (4.7), (4.9), and noting that n ≥ 2, we have
Ric(X) ≤
n− 1
4
a+
1
8
{(n− 2)[η(X)2 + η˜(X)2] + 1}b+ ‖η(X)η˜⊤ − η˜(X)η⊤‖2c(4.11)
+
n− 1
4n
(
n∑
i=1
h1ii)
2 +
1
8
n∑
r=2
(
n∑
i=1
hrii)
2
≤
n− 1
4
a+
1
8
{(n− 2)[η(X)2 + η˜(X)2] + 1}b+ ‖η(X)η˜⊤ − η˜(X)η⊤‖2c
+
(n− 1)n
4
‖H‖2.
Now we consider the equality case. Suppose the equality of (4.11) holds for any unit
vector X in TpN . For n ≥ 3, it follows from (4.11) that
(4.12)
n∑
i=1
hrii = 0, r = 2, · · · , n.
Combining (4.10) and (4.12), we see that
hr11 = 0, r = 2, · · · , n
which implies that g(h(X,X), JY ) = 0 for all orthogonal unit vectors X, Y in TpN . Thus
(4.13) hrii = 0, 1 ≤ i 6= r ≤ n.
In particular, h1ii = 0 for i > 1. This together with (4.8) gives that h
1
11 = 0, which implies
that g(h(X,X), JX) = 0 for any unit vector X in TpN . Thus we have
(4.14) hiii = 0, i = 1, · · · , n.
Also the equality of (4.6) holds, it follows that
h1ij = 0, 2 ≤ i 6= j ≤ n,
which implies that g(h(Y, Z), JX) = 0 for all orthogonal unit vectors X, Y, Z in TpN .
Thus we have
(4.15) hrij = 0, for distinct r, i, j = 1, · · · , n.
From (4.13), (4.14), (4.15) and (2.8), we know that p is a totally geodesic point.
For the case n = 2, we may choose the unit vector X in TpN such that JX is parallel
to the mean curvature vector H . Then
2∑
i=1
h2ii = 0. Combining this with (4.10), we see
that h211 = h
2
22 = 0. Write h
2
12 = µ, then (2.8) gives that h
1
22 = µ, and h
1
12 = h
2
11 = 0.
Write h111 = λ, then (4.8) implies that λ = 3µ. Therefore, p is an H-umbilical point with
λ = 3µ.
The converse can be easily verified.

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5. A lower bound for the Ricci curvature
Theorem 4.1 shows an upper bound for the Ricci curvature for Lagrangian submanifolds
of Ka¨hler QCH-manifolds. In this section we will obtain a lower bound for the Ricci
curvature, from which we can generalize Theorem 1.3.
Theorem 5.1. Let N be a Lagrangian submanifold of real dimension n(≥ 3) of a Ka¨hler
QCH-manifolds M . Then for any point p ∈ N and any unit vector X ∈ TpN , we have
Ric(X) ≥ −
(n− 2)(n− 1)(n+ 1)
8
a−
n− 2
8
{n− [η(X)2 + η˜(X)2]}b(5.1)
− {(n− 1)[‖η⊤‖2‖η˜⊤‖2 − g(η⊤, η˜⊤)2]− ‖η(X)η˜⊤ − η˜(X)η⊤‖2}c
+ (n− 1)τ −
(3n− 1)(n− 2)n2
2(3n+ 5)
‖H‖2.
The equality holds for any unit tangent vector at p if and only if p is a totally geodesic
point.
Proof. Let X be a unit vector in TpN . We choose an orthonormal basis {e1, · · · , en} in
TpN such that e1 = X . From the equation (2.11) and (2.12), we have
(n− 1)τ −Ric(X) = (n− 1)
∑
1≤i<j≤n
R¯(ei, ej, ej , ei)−
n∑
j=2
R¯(e1, ej, ej , e1)(5.2)
+ (n− 1)
n∑
r=1
∑
1≤i<j≤n
[hriih
r
jj − (h
r
ij)
2]−
n∑
r=1
n∑
j=2
[hr11h
r
jj − (h
r
1j)
2].
It follows from (2.5) that
∑
1≤i<j≤n
R¯(ei, ej , ej, ei) = a
∑
1≤i<j≤n
pi(ei, ej, ej , ei) + b
∑
1≤i<j≤n
Φ(ei, ej, ej , ei)(5.3)
+ c
∑
1≤i<j≤n
Ψ(ei, ej, ej , ei).
According to (2.2), (2.3), (2.4), and noting that g(ei, ej) = δij , g(ei, Jej) = 0 for i, j =
1, · · · , n, by direct calculations, we have
(5.4)
∑
1≤i<j≤n
pi(ei, ej, ej , ei) =
(n− 1)n
8
,
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∑
1≤i<j≤n
Φ(ei, ej , ej, ei) =
1
8
∑
1≤i 6=j≤n
g(ei, ei)[η(ej)
2 + η˜(ej)
2](5.5)
=
1
8
∑
1≤i 6=j≤n
[η(ej)
2 + η(Jej)
2]
=
n− 1
8
,
∑
1≤i<j≤n
Ψ(ei, ej, ej, ei) =
∑
1≤i 6=j≤n
[η(ej)
2η˜(ei)
2 − η(ei)η(ej)η˜(ei)η˜(ej)](5.6)
= ‖η⊤‖2‖η˜⊤‖2 − g(η⊤, η˜⊤)2.
By substituting (5.4), (5.5) and (5.6) into (5.3), we get
(5.7)
∑
1≤i<j≤n
R¯(ei, ej , ej, ei) =
(n− 1)n
8
a+
n− 1
8
b+ [‖η⊤‖2‖η˜⊤‖2 − g(η⊤, η˜⊤)2]c.
On the other hand, by using (2.8) we calculate that
(n− 1)
n∑
r=1
∑
1≤i<j≤n
[hriih
r
jj − (h
r
ij)
2]−
n∑
r=1
n∑
j=2
[hr11h
r
jj − (h
r
1j)
2](5.8)
=
n− 1
2
n∑
r=1
∑
1≤i 6=j≤n
hriih
r
jj −
n∑
r=1
n∑
j=2
hr11h
r
jj −
n− 1
2
n∑
r=1
∑
1≤i 6=j≤n
(hrij)
2 +
n∑
r=1
n∑
j=2
(hr1j)
2
=
n− 1
2
n∑
r=1
∑
1≤i 6=j≤n
hriih
r
jj −
n∑
r=1
n∑
j=2
hr11h
r
jj − (n− 1)
∑
1≤i 6=r≤n
(hirr)
2
−
n− 1
2
∑
r,i,j distinct
1≤r,i,j≤n
(hrij)
2 +
n∑
j=2
(hj11)
2 +
n∑
j=2
(h1jj)
2 +
∑
2≤i 6=j≤n
(h1ij)
2
=
n− 1
2
n∑
r=1
∑
1≤i 6=j≤n
hriih
r
jj −
n∑
r=1
n∑
j=2
hr11h
r
jj − (n− 1)
∑
1≤i 6=r≤n
(hirr)
2 +
n∑
j=2
(hj11)
2
+
n∑
j=2
(h1jj)
2 −
3n− 5
2
∑
2≤i 6=j≤n
(h1ij)
2 −
n− 1
2
∑
r,i,j distinct
2≤r,i,j≤n
(hrij)
2
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≤
n− 1
2
n∑
r=1
∑
1≤i 6=j≤n
hriih
r
jj −
n∑
r=1
n∑
j=2
hr11h
r
jj − (n− 1)
∑
1≤i 6=r≤n
(hirr)
2
+
n∑
j=2
(hj11)
2 +
n∑
j=2
(h1jj)
2.
Substituting (4.5), (5.7) and (5.8) into (5.2), we get
(n− 1)τ − Ric(X) ≤
(n− 2)(n− 1)(n+ 1)
8
a+
n− 2
8
{n− [η(X)2 + η˜(X)2]}b
(5.9)
+ {(n− 1)[‖η⊤‖2‖η˜⊤‖2 − g(η⊤, η˜⊤)2]− ‖η(X)η˜⊤ − η˜(X)η⊤‖2}c
+
n− 1
2
n∑
r=1
∑
1≤i 6=j≤n
hriih
r
jj −
n∑
r=1
n∑
j=2
hr11h
r
jj − (n− 1)
∑
1≤r 6=i≤n
(hrii)
2
+
n∑
r=2
(hr11)
2 +
n∑
j=2
(h1jj)
2.
Consider the quadratic forms f1, fr : R
n → R, r = 2, · · · , n defined respectively by
f1(h
1
11, · · · , h
1
nn)(5.10)
=
n− 1
2
∑
1≤i 6=j≤n
h1iih
1
jj −
n∑
j=2
h111h
1
jj − (n− 1)
n∑
i=2
(h1ii)
2 +
n∑
j=2
(h1jj)
2
=− (n− 2)
n∑
i=2
(h1ii)
2 + (n− 2)
n∑
j=2
h111h
1
jj + (n− 1)
∑
2≤i<j≤n
h1iih
1
jj,
fr(h
r
11, · · · , h
r
nn)
(5.11)
=
n− 1
2
∑
1≤i 6=j≤n
hriih
r
jj −
n∑
j=2
hr11h
r
jj − (n− 1)
∑
1≤i(6=r)≤n
(hrii)
2 + (hr11)
2
=(n− 2)
n∑
j=2
hr11h
r
jj + (n− 1)
∑
2≤i<j≤n
hriih
r
jj − (n− 2)(h
r
11)
2 − (n− 1)
∑
1≤i(6=1,r)≤n
(hrii)
2.
From Example 3.4, we know that
(5.12) f1(h
1
11, · · · , h
1
nn) ≤
(n− 2)(n− 1)
2(n+ 1)
(
n∑
i=1
h1ii)
2,
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with the equality holding if and only if
(5.13) h122 = · · · = h
1
nn =
1
2
h111.
From Example 3.5, we know that
(5.14) fr(h
r
11, · · · , h
r
nn) ≤
(n− 2)(3n− 1)
2(3n+ 5)
(
n∑
i=1
hrii)
2, r = 2, · · · , n
with the equality holding if and only if
(5.15) hr22 = · · · = h
r
r−1r−1 = h
r
r+1r+1 = · · · = h
r
nn =
3
2
hr11, h
r
rr =
9
2
hr11.
From (5.9), (5.10), (5.11), (5.12)and (5.14), we obtain that
(n− 1)τ −Ric(X) ≤
(n− 2)(n− 1)(n+ 1)
8
a+
n− 2
8
{n− [η(X)2 + η˜(X)2]}b
(5.16)
+{(n− 1)[‖η⊤‖2‖η˜⊤‖2 − g(η⊤, η˜⊤)2]− ‖η(X)η˜⊤ − η˜(X)η⊤‖2}c
+
(n− 2)(n− 1)
2(n+ 1)
(
n∑
i=1
h1ii)
2 +
(n− 2)(3n− 1)
2(3n+ 5)
n∑
r=2
(
n∑
i=1
hrii)
2.
Noting that n ≥ 3, (n−2)(n−1)
n+1
<
(n−2)(3n−1)
3n+5
, (5.16) gives (5.1) immediately.
Now we consider the equality case. Suppose the equality of (5.1) holds for any unit
vector X in TpN . It follows from (5.16) and (5.1) that
(5.17)
n∑
i=1
h1ii = 0.
Combining this with (5.13), we see that
h111 = · · · = h
1
nn = 0,
wihich implies that g(h(X,X), JX) = 0 for any unit vectorX ∈ TpN , and g(h(Y, Y ), JX) =
0 for all orthogonal unit vectors X, Y in TpN . Thus
(5.18) hrii = 0, r, i = 1, · · · , n.
Also the equality of (5.8) holds, it gives that
(5.19) h1ij = 0, 2 ≤ i 6= j ≤ n,
(5.20) hrij = 0, for distinct r, i, j = 2, · · · , n.
Combining (5.18) and (2.8) we see that
(5.21) h11i = 0, i = 1, · · · , n,
(5.22) hrrj = 0, j = 1, · · · , n, r = 2, · · · , n.
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From (5.18)-(5.22) we see that hrij = 0 for i, j, r = 1, · · · , n, which implies thah p is a
totally geodesic point.
The converse can be easily verified. 
Theorem 5.1 immediately gives an inequality related to T.Oprea’s invariant δn(M)
defined by (1.3) as follows.
Theorem 5.2. Let N be a Lagrangian submanifold of real dimension n(≥ 3) of a Ka¨hler
QCH-manifolds M . Then
δn(M) ≤
(n− 2)(n+ 1)
8
a +
n− 2
8(n− 1)
{n− [η(X)2 + η˜(X)2]}b
+
[
‖η⊤‖2‖η˜⊤‖2 − g(η⊤, η˜⊤)2 −
1
n− 1
‖η(X)η˜⊤ + η˜(X)η⊤‖2
]
c
+
(3n− 1)(n− 2)n2
2(n− 1)(3n+ 5)
‖H‖2.
Remark 5.1. For b = 0, c = 0, Theorem 5.2 is due to Theorem 1.3.
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